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Whenever we speak about the structures in the world we take for granted that 
those structures are, prima facie, interpretable as mathematical structures. A big 
gap, nonetheless, might separate this natural intuition from the actual state of 
affairs. Surprisingly, though, many of the more consistent approaches to 
mathematics are overcoming the mythical gap I just mentioned. If our intuition 
of the continuity between maths and world is correct, then our theories of how 
mathematics is approached epistemologically and metaphysically might 
answer a question that is not only carried out by philosophers or 
mathematicians, but also by the people endeavouring science.  

I want to dub this aspect of the theory as the “continuum between theory and 
applicability” and my goal is to show how the structuralist approach can 
account for it in ways that the other two traditional approaches to mathematics 
could not. In order to do that I will present the general features of those theories 
first and then move on to the proposals of the framework I think enables us to 
overcome the alleged gap.  

One fact: is difficult to deny the amount of mathematics we have to use in order 
to comprehend the non-mathematical world scientifically. Now, even if we do 
not really could imagined to not know what is this so, it will seem odd to accept 
that is an accident that mathematics applies to reality. There is a relationship, 
although not always evident.  

In carrying scientific inquiries most of the problems are described in terms of 
finding the right function, equation or formula explaining classes of 
phenomena. The philosophical tradeoffs about this relationship, the 
epistemology of that very explanation and the methodology is concern of what 
we call Philosophy of Mathematics. However we should not forget that 
associations between mathematical entities and physical phenomena belong to 
theories and theories are interest contextual. It depends on the scope of a theory 
to account for different mathematical abstractions but the striking fact is that 
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elegant simple equations are often the outcome of our best theories. It would be, 
as Putnam said, a miracle that mathematics success in account for the best 
aspects of a scientific theories if there were any real relationship between the 
theories and what they interpret, I call that relationship a Structural one and the 
claim that mathematical structuralism is relevant in accounting for this is the 
first one I will affirm. Nevertheless, we also might consider that the traditional 
distinctions in mathematics usually establish two distinct fields: pure 
mathematics and applied mathematics. Is it a necessary and sufficient condition 
to make this distinction? I would answer that is not necessarily so, and that is of 
the utmost importance to find a criterion for that continuity. Along with this 
aim, we might also desire to accomplish a task for explaining the relevance of 
mathematical knowledge in the context of knowledge in general. 

But before arguing about it, I would firstly present some of the most common 
approaches to the problem to illustrate how the task I am aiming for is not 
really satisfied by the next traditional approaches.  

Formalism 

A formalist thinks that mathematical entities are only fictions, and their nature 
is that of empty characters manipulated according rules, but they, at the end of 
the day, are meaningless symbols (not authentic ones).  If formalism were 
correct, then the fact that there is a systematic correspondence between the 
objects (and structures) of mathematics and the facts of the world is just a 
coincidence. Frege, for example, was fiercely opposed to this view (Frege 1903 
§91), because in a game, as for example, chess might be, the pieces do not 
express thoughts but the fact that we can apply objects of mathematics is 
because they are not empty, they indeed express thoughts. The formalist, who 
is an extreme sort of nominalist, not only ignores any systematic relation 
between mathematics and world but also between the branches of mathematics, 
because they hold connections and similarities. The formalist dismisses without 
reason those connections against the evidence.  

Logicism 

Logicism is the view that mathematics is a sort of derivation of logic, or is, 
ultimately grounded on forms reducible to logic. The translation logicism 
accepts that mathematical truth is logical truth in virtue of the possibility of 
translating one into the other. Then again that goes with the denial of a 
systematic relationship between theorems of a branch of mathematics and 
scientific inquiries, because the world is not composed of logical truths.  The 
postulation logicism is an improved version of logicism: it affirms that 
mathematics does not have any fixed subject matter in natural numbers, 
Euclidian space or set-theoretic universe (Shapiro 1983: 531), it rather affirms 
that mathematics consist in an study of the logical consequences of 
uninterpreted axioms. This version tolerates an interpretation of the systematic 
correspondence between branches of mathematics and reality, but presupposes 
a distinction between applied and pure mathematics that does not hold, 



especially because there are important connections between the branches of 
mathematics themselves and the postulate logicism cannot account for them. 
On the other hand the postulate logicism cannot account on why the 
interpretations are so successful, it just begs the question by affirming that the 
application is a fortuity successful interpretation.  I wonder how a 
straightforward interpretation might be find for imaginary numbers, for 
example, because they cannot be interpreted, nonetheless they are useful for 
physics. 

Platonism 

The platonistic perspective to mathematics considers that the subject matter of 
the discipline is an immaterial existent universe independent of the physical 
world. Gödel, for example, holds such a position: 

“…The objects of transfinite set theory…clearly do not belong to the 
physical world and even their indirect connection with physical 
experience is very loose… But despite their remoteness form sense 
experience, we do have a perception of the objects of set theory, as is seen 
form the fact that the axioms force themselves upon us as being true. I 
don‟t see why we should have less confidence in this kind of perception, 
i.e., in mathematical intuition, than in sense perception, which induces us 
to build up physical theories and to expect that future sense perceptions 
will agree with them and, moreover, to believe that a question not 
decidable now has meaning and may be decided in the future”  (Gödel 
1964: 271) 

 

The platonistic perspective is interesting in the way it recognize the particular 
character and independence of the mathematical entities. But fails in recognize 
what the relation between that independent world and the physical world is 
about though. It leaves the relationship mysterious in two levels: the first one is 
the actual relationship between the mathematical propositions and the world, 
the second, but no less important, it does not account on how the knowledge of 
mathematical propositions is related with the knowledge of the world.  

Intuitionism  

The intuitionist accepts that mathematical objects are mental constructions and 
after being constructed they adopt an independent character that renders 
perception (through intuition of them) possible. Kantian philosophers of science 
accept that the intuitionist character of mathematics joins the other faculties in 
accounting for the world perceived and understood by the human mind. Seems 
to converge with the idea that the study of science is the study of the human 
mind doing science but then again leaves our initial worry outside: How our 
minds (allegedly by using constructed mathematic objects) are tuned effectively 
with the objects of investigation. It seems to me unsatisfactory that the 
constructs of mathematics (even perceived by intuition) are features of our 



minds and at the same time pervasive in the scientific world without knowing 
how this relationship is so.  

Mathematical Structuralism 

The structuralist considers that there is a subject matter of mathematics and this 
subject matter consist in patterns or structures and not necessarily by objects on 
those patterns or structures. A structure is described in terms of interrelations. 
Historically, D. Hilbert is considered an earlier founder. 

“Mathematical structures are more abstract, and free-standing, in the 
sense that there are no restrictions on the kind of things that can 
exemplify them” (Shapiro 1997, Ch. 3, §6). 

To give more sense to this, define a system to be a collection of objects together 
with certain relations on those objects. A natural number system might be a 
countably infinite collection of objects with a designated initial object, a one-to-
one successor relation that satisfies the principle of mathematical induction and 
the other axioms of arithmetic. A structure, in the other hand, is the abstract 
form of a system, which ignores or abstracts away from any features of the 
objects that do not bear on the relations.  So, the natural number structure is the 
form common to all of the natural number systems.  And this structure is the 
subject matter of arithmetic. The structure, consequently, it is a sort of 
Universal, a one over many, but instead of applying over an individual object, 
like a property does, holds for systems.  

The Ante Rem Approach 

For the Ante Rem structuralist, the structure is objective, even if not 
exemplified. His semantics is straightforward:first order variables range over 
the places in the respective structure: a singular term, like „0‟ denotes a place in 
the structure. Places in the structure are bona fide objects, but they are free-
standing, ie., they function as a background ontology. Nonetheless an Ante 
Rem structuralist can consider objects forming a system, like  places-cum-
objects. For example, in Von Neumann ordinals under the ordinal succesor 
relation form a system that exemplifies the natural number structure: 

–{φ,{φ}}=2. Von Neumann system 

–{{φ}}=2 Zermelo system 

Theses two definitions are actually taking us back to the alleged “Ernie and 
Johny” fabule, but without forcing us to engage with any of them beyond their 
functional role towards the structure. Structures are prior to places in the same 
sense that any organization is prior to the offices that constitute it. (Shapiro 
1997,9)    

Structuralism without (ante rem) Structures 



However, not only the realist is entitled to adopt structuralism, we can also 
have the position of the In re structuralist: she takes structures to exist, but only 
in the systems that exemplify them.  Metaphysically, the idea is to reverse the 
priority cited above: structures are posterior to the systems that exemplify 
them. Another even more radical position is in the eliminativist: she holds that 
places-are-objects statements are just ways of expressing the relevant 
generalizations and they should be regimented as generalizations over all 
systems that exemplify the given structure or structures. An example of 
regimentation: 

–(Φʹ) In any natural number system S, Φ[S] 

Which restricts the quantifiers to the objects in S.  

But against the eliminativist we could say that similar regimentations must be 
repeated for similar structures. Against the threat of vacuity: Maddy, 
Benacerraf, Linnebo.  

As long every mathematical theory can be interpreted in set theory, this can be 
considered from a metaphysical or epistemological point of view, the former is 
provide a metaphysical basis for mathematics from a general and philosophical 
point of view, whereas the latter is a foundation for mathematics providing the 
basis of mathematical knowledge.  

The received codification of the axiom system in set theory is the system ZFC, 
but there are others extensions of ZF with new axioms like V=L, determinacy, 
and large cardinal principles (Shapiro 2004 p. 16), there are other proposed 
foundations in high-order logic, structuralism, logicism, proof theory, ramified 
theory and category theory. Yet is not easy get into this without talking about 
what we understand by „foundations‟ and  „mathematics‟, as we just stated that 
there are different kind of foundations according epistemic or metaphysical 
concepts.  

“What is a foundation for? I have pointed to three senses of 'foundation': 
metaphysical, epistemic, and mathematical, with subcases of each. First, 
a metaphysical foundation reveals the underlying nature of 
mathematical objects. Mathematics as such does not require this. All that 
matters is structure. It is a disputed philosophical question whether it is 
interesting and important for a philosopher of mathematics to enquire 
into metaphysical matters, anyway. Secondly, an epistemic foundation 
reveals the true proofs or justifications for mathematical propositions, or 
provides one way in which mathematical propositions can become 
known. I leave it for another day to delve further into the questions 
whether mathematical pro- positions have ultimate justifications, and 
how much light one can shed on the subject by looking for them. Thirdly, 
a mathematical foundation is a theory into which all mathematical 
theories, definitions and proofs can be translated, at least in principle. I 



do not know whether mathematics needs a foundation in this sense. 
Perhaps not.” (Shapiro 2004: 37) 

Mathematical logic in model theory can construe a theory that quantifies over 
structures. This is an important step towards an undertaking of a continuum 
between theory and applicability, if we can account for structures inside our 
philosophy of the mathematics we use we certainly can extend that to the 
metaphysics of the objects of the real world, or, I should rather say, of the 
structures of the real world.  

The basic criterion for the continuity between theory and applicability in 
mathematics is the suggestion that both the contents of the scientific universe 
along with the mathematical entities exhibit and share interrelations and 
interactions. Now, the problem of the exemplification of a mathematical 
structure or pattern in the physical reality comes to be, at last, the problem of 
the instantiation of a universal. An instantiation of a universal is clarified when, 
among the observable data of physical objects we extend our inquiries up to 
recognize the things that make those data structure and they are expressed in 
terms of patterns: the patterns, nonetheless, are not existent in the sense of the 
data by which we recognize them, they are real through the existent data 
though. In this case I will understand by „real‟ in a Peircean sense: “whatever is 
the way it is regardless our opinions about them”. Some ontological scruples 
might rise here and I prefer to clarify in what sense we want to account for 
them: the distinction between existence and reality regarding objects is based in 
the idea that existence correlates with phenomenical properties while reality is 
an independence we need to ascribe to some items of our experience or groups 
of items or structures that might have not phenomenical qualities but still hold 
independence. Let me illustrate this with the idea of natural number series 
again, regardless of not having any phenomenical qualities is always stable in 
terms of properties of the relations between the objects (namely, the numbers) 
that instantiate it. Crowell and Fox give another appealing example in the way 
that they interpret knots, Shapiro comments on that: 

In particular, a mathematical theorem that one particular topological 
configuration cannot be transformed into a second by specified 
mathematical operations corresponds to a fact that one knot cannot be 
transformed into another without "tying" or "untying". (Shapiro 1983539) 

If we consider infinite structures though, the picture might complicate a bit. We 
say, for the infinite structures that they are incorporated in our theoretical 
framework and if we happen to distinguish, as we did, between systems and 
structures is feasible to assume that some systems reflect structures that cannot 
be exhausted but they are real. When a child is learning how to count we cannot 
say that he needs an infinite numbers of beans, apples or items, but we hardly 
can deny that he is applying an infinite structure to reality by a “system” that 
can be sets of beans or maybe Zermello axioms.  



Structuralism, form this perspective provides a holistic picture of the story 
because we can have tradeoffs in two directions: (1) we can incorporate 
mathematical structures to the scientific reality or (2) we can construct branches 
of mathematics by develop a study of physical processes (I think that such 
might be the case for classical geometry, topology or, more contemporary 
approaches to quantum mathematics). The continuity raises another 
consideration: any structure, as such, can be mathematical, and at the same time 
any mathematical element is, in principle, susceptible to instantiation, and 
therefore, every mathematical structure is applicable regardless our incapacity 
on recognise that in our current theories.  

Earlier in this paper I mentioned the problems of the other accounts of 
mathematics in expressing the interconnections among the branches of 
mathematics. Now I want to draw your attention that the concept of structure is 
common to any branch of mathematics as a subject matter. Structures can be 
modelled between one another; this means that they can be used in different 
levels to study one to another. Structuralism, in conclusion, does not recognize 
a clear borderline between pure mathematics and applied mathematics: the 
theoretical side of set theory matches a continuity with theoretical science and 
finally with experimental science through structures.  
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